Quantum mechanical analysis of a rigid rod with one end fixed to a flat table is presented. Assuming that the rod is initally in the upright orientation, "the time of fall" is calculated using WKB wavefunctions representing energy eigenstates near the barrier summit.
Introduction
In their historical review [1] "100 Years of Quantum Mysteries" Tegmark and Wheeler discussed the following problem. "...You take a card with a perfectly sharp edge and balance it on its edge on a table. According to classical physics, it will in principle stay balanced forever.
According to the Schrodinger equation, the card will fall down in a few seconds even if you do the best possible job of balancing it, and it will fall down in both directions-to the left and to the right-in superposition."
In what follows we shall, instead of a card, consider the rotational motion of a thin rigid rod with one end fixed to a horizontal table. If the length of the rod and its mass are denoted as and , respectively, then its energy can be written as E = 1 / 2 Jω 2 + V 0 cos θ J = ml 2 /3, is the moment of inertia of the rod with respect to the fixed end, * E-mail: milan.batista@fpp.edu V 0 = mgl/2, θ is the angle of the rod with respect to the vertical, ω = dθ /dt, is the angular velocity of the rod and is the acceleration of gravity. Let us assume that the rod is released from rest from an initial orientation δθ 1. The time of fall is obtained from the law of conservation of energy and is given as [2] 
where ω = √ V 0 /J = 3 /2 is the classical oscillation frequency of the rod pendulum. Therefore, → ∞, when δθ → 0.
In the next section we will consider the quantum mechanical analysis of the rotational motion of an isolated rigid rod with one end fixed to a horizontal table. That is, assuming that the dynamics of the rod is correctly described by Schrödinger equation, we wish to explore the implications for "the time of fall". It is already clear, of course, that the localization of the rod (δθ → 0) implies, due to the Heisenberg uncertainty principle, a corresponding uncertain change in the angular momentum of the rod which should influence its stability in the upright orientation. The emergence of the observed classical behavior of the rod from the underlying quantum dynamics is, according to [1] , due to the inevitable interaction of the rod with its environment. This phenomenon has become known as environmental decoherence [3] , however its implications for the quantum measurement problem are not universally accepted [4, 5] .
The quantum rod
The classical Hamiltonian of the rod rotating in the vertical plane with one end fixed ( Fig. 1) is, H = L 2 /2J + V (θ). Assuming a rigid rod and a rigid horizontal table, the potential energy is ( Fig. 2) ,
Transition to quantum mechanics is achieved by writing, L = − ¯ / θ, which yields the Hamiltonian
The energy eigenfunctions ψ(θ)are determined as solutions of the time-independent Schrödinger equation, subject to the boundary conditions ψ(θ = ±π/2) = 0. It is well known [6] [7] [8] [9] , that the Hamiltonian (3) is not essentially self-adjoint and as such admits a one-parameter family of self-adjoint extensions ψ(−π/2) = 2πθ ψ(π/2), 0 ≤ θ < 1. Different self-adjoint extensions in general imply different spectra. To choose a particular self-adjoint extension demands additional physical information about the system. However, one can also invoke group theory to argue in favour of a particular self-adjoint extension. Thus one can say that, since the solutions of (4) must provide a basis for a representation of the symmetry group of the Hamiltonian, the physically correct self-adjoint extension of the Hamiltonian corresponds to symmetric and antisymmetric functions. The same remarks apply, of course, to (9) defined in the next section. For a more recent discussion of this point the reader is referred to [10] and references cited therein.
Consequently, since the Hamiltonian (3) is invariant with respect to the transformation θ → -θ, we can classify the eigenfunctions as symmetric(even) ψ (+) and antisymmetric(odd) ψ (−) solutions of (4), such that ψ (±) (−θ) = ±ψ (±) (θ). The corresponding eigenvalues will be denoted as E (±) . Therefore, considering the shape of the potential (Fig. 2) , the low energy eigenstates of the rod and, in particular, the ground state are not orientational eigenstates, but are superpositions of roughly two states each of which represents the rod orientationally localized in the left or right well, respectively. The quantum mechanical state of the rod in its ground state is such that, provided no measurement of its orientation is performed, we cannot say that the rod is pointing to the left nor can we say that it is pointing to the right and we cannot say that it is pointing in both directions simultaneously and we also cannot say that it is pointing in no direction at all. We simply have no idea what it means for the rod to be in a superposition of states corresponding to macroscopically different orientations [11] . Of course, we never observe a macroscopic rod in such a superposition. According to the advocates of decoherence the orientation of the rod is constantly monitored by the environment causing its orientational localization. For a macroscopic rod to have a definite orientation it is, so it seems, sufficient just to "look" at it [12] . It has been said [1] that the quantum card, initially balanced in the upright orientation, "...will fall down in both directions at once". The inital wavefunction, representing the card in the vertical orientation, "...changes smoothly and continuously from the balanced state to the mysterious final state that seems to have the card in two places at once". The same is also true, of course, for the motion of the quantum rod considered in this calculation. Let us take the initial state of the rod in the upright orientation to be (ψ(θ = 0) ≡ ψ(θ 0)),
The wavefunction at some later time is obtained from the time dependent Schrodinger equation, corresponding to the Hamiltonian (3), as
where,
and the subscrit was added to label different energy eigenstates of even parity. Since the Hamiltonian and the initial state (5) are both symmetric with respect to θ, it is clear that ψ(θ ) is also symmetric at all times and, consequently, the state of the rod is a continuously changing superposition of orientationally distinct states. Furthermore, during time evolution the expectation value of the energy of the rod is constant and is equal to,
Requiring that the expectation value of the energy of the quantum rod in the upright orientation is roughly equal to V 0 , the energy of the classical rod in the vertical position, determines the width of the initial state 1 >> σ >> (¯ /Jω ) 2 . In particular, if we choose σ = (¯ /Jω ) 1/2 , we obtain H ≈ V 0 . Moreover, we anticipate from (8) that in this case the dominant contribution to the time evolution (7) will come from the eigenstates near the top of the barrier. Consequently, the explicit expressions for the corresponding energy eigenfunctions are required.
WKB Approximation
When energy E is close to V 0 , the standard WKB approximation [13] is not applicable in a certain range, −θ < θ < θ , around the potential maximum [14, 15] .
There exists a systematic procedure called the phase integral method, developed mostly by Fröman and Fröman [16] , suitable to treat this case. However, in this work we will use instead the approach employed by Ford et al. [15] which implies that for sufficiently small values of θ we approximate cosθ in (4) by 1-θ 2 /2 and, in addition, we assume that this quadratic approximation is valid also for θ θ . In this angular range, the Schrödinger equation (4) can be written as,
Introducing, θ = ¯ 2 /JV 0 1/4 ξ = (¯ /Jω ) 1/2 ξ , we can rewrite (9) in the form,
where ε = (E − V 0 ) /¯ ω . We note, that (¯ /Jω ) 1/2 and¯ ω represent natural angular and energy scales, respectively, to measure the angular distance and energy relative to the barrier summit. The differential equation of the type (10) occurs when the scalar Helmholtz equation is separated in parabolic coordinates and the solutions are referred to as parabolic cylinder functions [17] . The even and odd solutions will be denoted as ψ (±) (2ε ξ), and the explicit expressions, which we intend to use, are those given by Morse and Feshbach [14] . As already stated above, we shall assume that the quadratic approximation holds even for very large values of ξ ( for a 10 cm long rod with mass equal to 10 ), where the asymptotic expressions for ψ (±) (2ε ξ) may be used. Thus we obtain [14] ,
where the phase angles (±) (2ε) are defined in terms of Gamma functions in the complex plane as, 
Inserting this into (11), and using the result given by Ford et al. 
Next, in the range of ξ values where the asymptotic expression (15) applies, the standard WKB wavefunctions [13] for ε < 0 and ε > 0, respectively, are also valid. They can be written as,
where L = 2J (E − V 0 cos θ) and, θ 0 = arccos(E/V 0 )or θ 0 = 0, for ε < 0 and ε > 0, respectively. To relate (16) to (15) we must calculate θ θ 0 θL/¯ , using the quadratic approximation for cosθ. Keeping in mind that ξ 0, we obtain,
Consequently, we can write the WKB wavefunctions (16) appropriate to this range as,
The expressions (15) and (18) must, of course, be identical in the considered range of ξ values. Thus we deduce,
Now we can write the WKB wavefunctions (we omit the subscript WKB), for energies close to the barrier summit, E = ε¯ ω + V 0 , and for large θ as,
where the lower limit in the above integral is θ 0 = (2¯ |ε| /Jω ) 1/2 for ε < 0, and θ 0 = 0 for ε > 0. Imposing the boundary condition, ψ (±) (θ = π/2) = 0, gives the quantization condition valid for energies near the barrier summit,
where is some large integer. For ε = 0, the even and odd solutions of (10) are [14] ,
where J ∓1/4 (ξ 2 /2)are Bessel functions of order 1 / 4 . The corresponding asymptotic expressions are [14] ,
Time Evolution of the initial state
Finally, we can consider, using WKB wavefunctions, the time evolution (6) describing the state of the rod starting in the upright orientation with the initial state (5). As already mentioned, for a sufficienly narrow initial state (smallσ ), only the energy eigenstates near the barrier summit contribute significantly to the sum (6). Moreover, in the limit of the macroscopic rod the energy spectrum is quasicontinuous and we can replace the summation by integration with respect to energy. We could calculate the corresponding density of states from (21), however, to calculate "the time of fall" of the quantum rod, to use the terminology of Tegmark and Wheeler [1] , the explicit expression is not needed. As the wavefunction (6) evolves |ψ(θ )| 2 represents the probability for observing the rod at time to have orientation θ, if such a measurement were performed. We thus expect, and it was also suggested in [1] , that the initial wavefunction develops two symmetric peaks evolving in opposite directions. How and when Nature, which according to Feynman [18] is quantum mechanical, ultimately selects one or the other of these two peaks to present it to the observer, is explained, at least for all practical purposes [19] , by decoherence and is not an issue here. Therefore, using (20), we write,
where E =¯ ω ε + V 0 , A(E θ) is some real amplitude and δ (+) (ε)is given by (19) with the last term omitted. Next, we write
where δθ is some fixed sufficiently small angle, such that the approximation (17) applies. Using this result, the exponentials in (24) become,
where δ (+) is given by (19) with the first and last terms omitted. To determine the time evolution of the peak of the wave packet (24) we use the stationary phase approximation [14] . Equating to zero the derivatives of the exponentials in (26) with respect to E we have, was also used. Let us denote by Π 0 a projection operator representing projection onto a narrow band of energy eigenstates close to the ground state. Its expectation value ψ( )| Π 0 |ψ( ) ≡ P( ) represents the probability for the initially upright rod to be found at time close to the ground. At the time Q , as defined by (28), P( Q ) is expected to be close to 1. We notice that Q does not depend on the value of δθ introduced in (25) and, moreover, the explicit value for σ , apart from it being sufficiently small, is not needed. We thus conclude that the measurement of the orientation of the rod at the time Q will yield, with a large probability, the value θ ∼ = π/2 or −π/2. For the rod considered above Q ∼ = 3 sec.
Conclusions
A rigid rod with one end fixed to a horizontal table has been analyzed using the WKB approximation. In particular, the WKB wavefunctions near the barrier top were determined and were used to analyse the time evolution of the initial wavefunction representing the rod in vertical orientation. The result obtained confirms the suggestion made previously by Tegmark and Wheeler [1] . As already pointed out, the first term in (27) equals the time for the classical rod to fall from δθ to θ. The remaining terms are then, in our opinion, the time needed for the initial state (5) to develop two peaks which are separated by 2δθ. It has also been implicitly assumed in this analysis that each of the wave packets, appearing in the linear superposition of states describing the quantum rod, hold together without too much spreading for a time that is long compared to Q . The characteristic time at which the quantum wave packets representing the rod begin to spread out significantly is estimated as [20] kg ω ≈10s −1 , consequently, α 2 10.If we take α=10, we still have a very narrow initial state. To analyse quantitatively the claim presented in [1] , namely that the rod or card balanced in the upright orientation will, according to the Schrödinger equation, fall down in a few seconds, we considered a situation, typical in quantum mechanics, in which one measures the orientation of the rod at a given time . This led us, in the described manner, to the result (28). However, we could have also considered the so-called dual situation in which one tries to measure at what time, the initially upright rod, reaches a given orientation θ? This latter case, usually referred to as the problem of arrival time in quantum mechanics, has been discussed extensively in the literature [21] and does not, in general yield to an easy answer. The difficulties were anticipated already by Pauli who showed, in a footnote remark in his Encyclopedia of Physics article [22] , that although the time is a well defined parameter in the Schrödinger equation, there is no self-adjoint time operator for systems which have energy bounded from below. This, more difficult question, was not considered in this paper. In addition, it can also be shown that the rod balanced initially on a table slightly slanted at an angle δθ 1 with respect to the horizontal plane will not fall down symmetrically because, in this case, the ground state is localized in the lower well. The easiest way to see this is to introduce a new variable θ = θ + δθ. The hamiltonian For small δθ the calculation of low energy eigenstates is determined by considering V as a small perturbation. It turns out that for macroscopic rods the energy eigenstates well below the top of the barrier are, contrary to the case of an absolutely horizontal table, localized in one well or the other, no matter how small δθ is. This instability of tunneling against small potential asymmetries was pointed out some time ago by Claverie and Jona-Lasinio [23] and was also discussed, in a different context, by the authors [24] .
